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Bingo Overview

Modification of lottery games dating back several centuries

Commonly played in social organizations, churches, and even casinos
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Bingo

Overview

- Each player buys a card (or multiple) with a 5x5 gid of squares

- Columns are labeled B, I, N, G, and O.
- The center square is the ‘free space’
. Other squares filled with numbers (Co
Column N: 31-45; Column G: 46-60; Co

umn B: 1-15; Column I: 16-30;
umn O: 61-75)

- A caller randomly selects numbers from 1-75 and players mark the

appropriate square

- The objective is to be the first to mark an entire row, column, or

diagonal
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Development of Probability Distribution

- How many different ways are there to get bingo?

Let's count




Development of Probability Distribution

- How many different ways are there to get bingo?

Let's count
- Let B; be the probability that the ith bingo is achieved on the kth

call
- Thus, the cumulative probability distribution, B, for a bingo in less

than k calls is

=1

12
P(B<k)=P (U(& < k})

- We can also think of B as the minimum of B4, B,, ..., By
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Inclusion- Exclusion Principle

- The general form for the probability of n events is given by:

P(UA;) =Y PA) - PANAY+ Y PANA;NA) =
i=1 :

i<] i<j<k

+(=D"""P(A;NA,---NA.

A B A B A B
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|A| + |B| +|C| |A| + |B| + |C| |A| + |B| +|C]
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Size of Bingo Subsets

- We need to determine the number of possible bingos based on

th e numper Of S CI uares Number Number of Bingos (subset size)

of squares
covered 1 2 3 4 5 6 7 8 9 10 11 12

Let's start with the case of 4 squares covered
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Size of Bingo Subsets

- We need to determine the number of possible bingos based on

the number of squares Number

of squares
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. Let's look at the case of 5 squares
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Size of Bingo Subsets

- We need to determine the number of possible bingos based on
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of squares
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Size of Bingo Subsets

- We need to determine the number of possible bingos based on

th e numper Of S CI uares Number Number of Bingos (subset size)

of squares
covered 1 2 3 4 5 6 7 8 9 10 11 12

4
8

Standard counting method given certain bingos
. 4 squares, 5 squares, subtract intersections

- 12-digit binary representation for bingos

B | N G O {
12

25 |39 |60 | 75 13

14

27,143 | 199 | 68 s

17

[a—
O WD 00 =<1 O n B

13

6 | 24 54 | 74 1o
B | 21 61 2
14/ | 17 132 |46 | 70 2
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Size of Bingo Subsets

- We need to determine the number of possible bingos based on

th € numper Of Sq uares Efus[ggz;es Number of Bingos (subset size)
. . cover 8
. Continue this pattern for the rest of the table ~ T~ ——————= - 1
5 8
ey . 6
+ The probability of completing any set of n squares N
9 24
10 12
11 48
25 :g 12: 8
5 (75—1*1) 14 12 148
— 15 8 152 8
13 | 27 P(Sn = k) — K LAy 16 145 120 2
(F’E) 17 32 232 8
o | : o
I 20 2 6
3 121137 | 52 | 61 2 5 192 264 56
22 12 268 228 36
23 8 128 9 16
14 | 17 | 32 | 46 | 70 24 2 14 4 73 88 50 12 1
Total 12 66 220 495 792 924 792 495 220 66 12 1




Probability Distribution

- Our probability distribution then becomes

12
P(B<k)=P (U(H,- Ek})
=]

. a,; represents the entry from the table

corresponding to n covered squares in the ith

column

- From this equation we can calculate a probability

distribution for the number of calls (k) to complete

a bingo

k 5 10
P(B <k) .00002 .0008

15 20 25
0059 0229 .0640

30 35 40 45
1435 2719 4456 6401

50 55 60 63
B144 9322 9859 9990

Efusrggzes Number of Bingos (subset size)

covered 1 2 3 4 5 6 7 8 9 10 11 12
4 4

5 8

6

7

8 30

9 24

10 12

11 48

12 104

13 48 8

14 12 148

15 8 152 8

16 145 120 2

17 32 232 8

18 312 136 4

19 8 48 304 24

20 2 62 256 182 10

21 8 192 264 56

22 12 268 228 36

23 8 128 96 16

24 2 14 42 73 88 50 12 1
Total 12 66 220 495 792 924 792 495 220 66 12 1




Python Simulation

- Generate a blank 5x5 board
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- Generate a blank 5x5 board

- Randomly fill the board with the right numbers
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Python Simulation

- Generate a blank 5x5 board

- Randomly fill the board with the right numbers

- Generate a random sequence of unique numbers 1-75 to
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Python Simulation

- Generate a blank 5x5 board

- Randomly fill the board with the right numbers

- Generate a random sequence of unique numbers 1-75 to
serve as the call sequence

- Call a number, and mark the board if there is match
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Python Simulation

- Generate a blank 5x5 board

- Randomly fill the board with the right numbers

- Generate a random sequence of unique numbers 1-75 to
serve as the call sequence

- Call a number, and mark the board if there is match
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Python Simulation

- Generate a blank 5x5 board

- Randomly fill the board with the right numbers

- Generate a random sequence of unique numbers 1-75 to
serve as the call sequence

- Call a number, and mark the board if there is match
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. Continue calling and marking numbers until there is a
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Python Simulation

- We will play 100,000 games of bingo to estimate a probability distribution

Calls

Simulation Probability Theory Probability Percent Error

5
10
15
20
25
30
35
40
45
50
55
60
65

0.00002
0.00082

0.0058
0.02282
0.06386
0.14389
0.27066
0.44817
0.64261
0.81485
0.93307
0.98597
0.99903

0.00002

0.0008
0.0059
0.0229

0.064
0.1435
0.2719
0.4456
0.6401
0.8144
0.9322
0.9859

0.999

0.00%
2.50%
1.69%
0.35%
0.22%
0.27%
0.46%
0.58%
0.39%
0.06%
0.09%
0.01%
0.00%

Cumulative Probability

=
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10

Probability of Bingo before k Calls

15
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Simulation

35
Calls

40
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45
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55
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- In practice,

Multiple Boards

bingo is normally played with many cards involved

- |If we assume independence of m cards, then the probability of no bingo after k calls is

[1 - P(B <K)]".

- Thus, the probability that the first bingo B,y will occur in at most k calls is

- However, t

substantia

P(Byy<k)=1—-[1—-P(B <k]"
ne assumption of independence is not accurate, which makes the analysis

ly more difficult because of conditional probabilities

- This makes a simulation helpful to approximate the cumulative probability distribution
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Multiple Board Simulation

- Generate m blank 5x5 boards

- Randomly fill each board with the right numbers

- Generate a random sequence of unique numbers 1-75 to serve as the call sequence
- Call a number, and mark each board if there is match

- Continue calling and marking numbers until there is a bingo
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Multiple Board Simulation

- We will play 100,000 games of bingo to estimate a probability distribution

m=10
m=50
m=100

4
0.0000
0.0000
0.0000

0.0024

8

0.0121
0.0246

Cumulative Probability

©
oy
LN

o
tn

i
P
(¥

12
0.0198
0.0918
0.1704

16
0.0766
0.3172
0.5213

20
0.2059 0.
0.6611 O.
0.8745 0.

24
4167
9212
9916

Probability of Bingo before k Calls

12 16

o T)=10

20

24

Number of Calls

m=50

28

m=100

32

28
0.6691
0.9945
0.9999

32
0.8732
0.9999
1.0000

36

40

44

36
0.9725
1.0000
1.0000

40
0.9976
1.0000
1.0000

44
1.0000
1.0000
1.0000



- All squares must be covered

Blackout

Calls Frequency Cumulative %
51 4 0.00%
53 1 0.01%
55 7 0.01%
57 25 0.04%
59 65 0.10%
61 153 0.26%
63 369 0.62%
65 937 1.56%
67 2205 3.77%
69 5100 8.87%
71 11459 20.33%
73 25443 45.77%
75 54232 100.00%




o 75
13 63
6 74
3 61
14 70

Calls 4 Corners Postage Stamp

5 0.0000 0.0000
10 0.0002 0.0002
15 0.0010 0.0010
20 0.0039 0.0039
25 0.0099 0.0106
30 0.0218 0.0221
35 0.0421 0.0433
40 0.0744 0.0749
45 0.1217 0.1223
50 0.1892 0.1893
55 0.2814 0.2812
60 0.4009 0.4009
65 0.5551 0.5551
70 0.7535 0.7532
75 1.0000 1.0000

A

4 corners & Postage Stamp

S 75
13 68
6 74
3 61
14 70




Larger Bingo Boards
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Larger Bingo Boards

Number Range per Columnvs. Expected Calls
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Code

import numpy as np
import seaborn as sns

def playBingo():
# Make a Bingo Card
# Make an empty 5x5
card=np.zeros((5,5))
# Loop over rows and columns
for 1 in range(@,5):
for j 1n range(@,5):
# Skip free space (position 2,2)
1f not(i==2 and j==2):
# Generate a random number in the right interval
num=np.random.randint((j*15)+1, (3*15)+16)
# Keep generating numbers until we find one that is not in the Bingo board already
while num in card:
num=np.random.randint((j*15)+1, (J*15)+16)
# Add the unique number to the board
card[i,j]=num
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24
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26

27
28
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Code

# Generate the call order for the numbers
# Make an array of the integers 1-75
uncalledNums=np.linspace(1l,75,75)
uncalledNums=1ist(uncalledNums)
callOrder=np.zeros(75)
for 1 in range(@,75):
# Randomly pick an index of in uncalledNums
idx=np.random.randint(@e,75-1)
callOrder([i]=uncalledNums.pop(idx)




Code

# Call each number and mark the board untill bingo
bingo= False
calls=6
while not bingo and calls < 75:
num=callOrder[calls]
idx=np.where(card==num)
card[idx]=0
# Determine if there 1is Bingo
if calls>=4: # at least 4 calls are required for any Bingo
# Check for diagonal Bingo
if card[@,@]+card[1,1]+card[2,2]+card[3,3]+card[4,4]==0:
bingo=True
if card[©,4]+card[1,3]+card[2,2]+card[3,1]+card[4,0]==0:
bingo=True
# Check 1is the sum of a column or row 1is zero
1=0 # index for column/row
while not bingo and 1<5: # Stop checking if bingo or checked all indexes
if sum(card[1i,:])==0 or sum(card[:,i])==0: # Check sum of ith column and row
bingo=True
1=1+1

calls=calls+1l

return calls




Code

56 def main():

57 n=1800860

58 results=np.zeros(n)

59 for 1 1in range(@,n):

60 results[i]=playBingo()

61 #print(results)

62 np.savetxt("results.csv", results, delimiter=",")
63 main()
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