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Review of the Pythagorean theorem




Review of the Pythagorean theorem

f X = (x,x,) and y = (y;,y,), define

N o) 7\ 1/2 /
X1 = (1x; "+ [ ]7)

A
||)’||=(‘)’1‘ + [y, | ) V

(X,¥) = x| + X,



Review of the Pythagorean theorem

We say that X is orthogonal to y, and write X L y, if (x,y) = 0.

A\



Review of the Pythagorean theorem

We say that X is orthogonal to y, and write X L y, if (x,y) = 0.

Theorem: If X Ly, then

%+ 112 = 712+ [[7]1 ‘?‘
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Orthogonality in normed spaces

A norm |
on a vector space is a notion of "length.”
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Orthogonality in normed spaces

A norm o
n a vector space is a notion of "length.”

Example: Let 1 < p < o0. Define

—_—
Hx”p — (‘xl 7+ | x, |F lp
2 3;w|\\\£ UL xg i \\7\\\\\»\\\\\\“!‘.\ autll
L v+ €b <l 1L Ok 6 8,
>

SZ ZZ LZ OZ 6L 8+ L} Q\L S

| |
ATIRALY \u\ \\MH\\ \m\s\m\\m\u\wuu\l\\\\me‘ m\\m\mum

forall X = (xq,x,).



Orthogonality in normed spaces

A norm on a vector space is a notion of "length."

Example: Let 1 < p < o0. Define

1/
1, = (| 170ran)”

X

forall f& LP(X, u).



Orthogonality in normed spaces

Isosceles orthogonality:

X L3 i %+l = 1F -3l




Orthogonality in normed spaces
Isosceles orthogonality:
¥ Ly i 1¥+5I = 1% -l

Roberts orthogonality

XL,y if |[X+cy|| =|lx—cy|] forall c.
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Orthogonality in normed spaces
irkhoff-dames orthogonality:
X Llpy if ||Xx+cy|| > [|X]| forall c.
or 1 <p < o0,

(X1, %) Lg v,y iff |x; p_z)Tl)ﬁ + 1 X, ’




Extension of the Pythagorean theorem

Theorem (W. Ross and YHP, 2015)
let 1 <p<2.If X1lpy, then

X115 + @~ = D7D > 11X+ Y1
I, + (= DI, < 11X+ 31,

The inequalities reverse when 2 < p < 0.
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Applications

Let ./ be a subspace of a normed space 2. Forany x € X,
the metric projection of X onto ./ is the vector y € J satisfying

X —=y|| < ||x=Z|| forall z € 4.

We write P ,X =Y.

(If & is complete and uniformly convex, then y exists and is unique.)



Applications

Theorem (J. Mashreghi, W. Ross and YHP, 2019)

O
Let M, C M, C M5 C - and M, = U%n be subspaces of

n=1

LP, where 1 < p < oo. If P, isthe metric projection onto .#,, then

n

llm P, f=P_f forall f& LP.

n— o0



Applications

Theorem (J. Mashreghi, W. Ross and YHP, 2019)
llm P, f=P_f foral f& LP.

n— o0

Proof: If m < n,then (f—P,f) Lz (P, f— P, f)

Vf = Poufll, 2 W = Pufll, + K P f = Pufll,




Applications

Let 1 < p < 00. Consider the set of analytic functions
f(z) on the open unit disk D such that

i, = (X151 <o
n=0

Characterize the zero sets of such f(2).
(Dragas & YHP, 2018; Mashreghi, Ross & YHP 2019; YHP, 2019).




Applications

Suppose W = {w;,w,,ws, ...} CD\{0}.




Applications

Suppose W = {w;,w,,ws, ...} CD\{0}.
Define Q (z) = (1 —z/w)(1 —z/w,)---(1 — z/w).




Applications

Suppose W = {w;,w,,ws, ...} CD\{0}.

Define Q,(z) = (1 —z/w)(1 = z/w,)---(1 — 2/w,).

Let J, be (), minus its metric projection onto the
subspace spanned by z(Q (z), zan(z), Z3Qn(z),




Applications

Suppose W = {w;,w,,ws, ...} CD\{0}.

Define Q,(z) = (1 —z/w)(1 = z/w,)---(1 — 2/w,).

Let J, be (), minus its metric projection onto the
subspace spanned by z(Q (z), zan(z), Z3Qn(z),

Then W is a zero set for some nontrivial f
iff sup ||/,]l, < .

n



Applications

Let p > 2 be an even integer. Consider the set of analytic functions
f(z) on the open unit disk such that

2T | 4O\ 1/
Ifl, = lim ([ fire) - ) <.

r—1— 0




Applications

Let p > 2 be an even integer. Consider the set of analytic functions
f(z) on the open unit disk such that

2T | 4O\ 1/
Ifl, = lim ([ fire) - ) <.

r—1— 0

Find the polynomial ()(z) of degree d minimizing |1 — Q(2)(2)]|,,



Applications ~

Where can the roots of (J(z) be located?




Applications

Where can the roots of (J(z) be located?

Theorem (C. Felder and YHP, 2021)
Let p > 2 be an even integer. The roots of the polynomial QJ(z) of

degree d minimizing ||1 — Q(2)f(2)||, are bounded away from the
origin by a distance depending only on p.



Applications

Where can the roots of (J(z) be located?

Theorem (C. Felder and YHP, 2021)
Let p > 2 be an even integer. The roots of the polynomial QJ(z) of

degree d minimizing ||1 — Q(2)f(2)||, are bounded away from the

A

origin by a distance depending only on p. (i
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Proof: Apply the Pythagorean inequalities 17 times!






