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Free Resolutions of f.g.Modules Examples over Polynomial Rings

‘g ' Explicit Resolutions of k over Quotient Rings Examples over Quotient Rings

Free Resolutions over Polynomial Rings

Let R = Kk[x1, ..., xp] ring and | C R an ideal. Then F, the minimal
graded free resolution of R// is a chain complex of the form

F: RJI PRt EBR(_J-)BLJ o2 @R(_j)ﬁz,j oo
j=0 Jj=0

with ¢; : F; — F;_1 degree zero maps with entries in the maximal
ideal m = (xq, ..., Xp).
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“5'
Free Resolutions over Polynomial Rings

Let R =k[x,y] and I = (x3,xy, y?). Then the minimal (graded)
free resolution of M = R/ is
0 y
<_y _X2>
X 0

X3 X! 2
R« YD) R 22aR(-3) " R(—3)®BR(—4) +— 0.
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Free Resolutions over Polynomial Rings

Let R = k[x,y] and I = (x3, xy, y?). Then the minimal (graded)
free resolution of M = R/ is
0 y
<y X2>
X 0

R2Y) R(L2RGR(-3) &2 R(~3)DR(-4) «— 0.

(Graded) Betti Numbers
/350(/\”) =1

Bra(M) =2 Brs3(M)
BRI(M) =1 BE(M)

1
1
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Free Resolutions over Polynomial Rings

Let R = k[x,y] and I = (x3, xy, y?). Then the minimal (graded)
free resolution of M = R/ is
0 y
<y X2>
X 0

R2Y) R(L2RGR(-3) &2 R(~3)DR(-4) «— 0.

(Graded) Betti Numbers Betti Diagram
/350(/\”) =1

Bra(M) =2 Brs3(M)
BRI(M) =1 BE(M)

1
1
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“5'
Free Resolutions over Polynomial Rings

Let R =k[x,y] and I = (x3,xy, y?). Then the minimal (graded)
free resolution of M = R/ is
0 y
<_y _X2>
X 0

X3 X 2
R LX) R oaR(-3) "L R(-3)®R(—4) «— 0.

Total Betti Numbers Betti Diagram
b5 (M) =1
Br(M) =3
B3 (M) =2
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Free Resolutions over Polynomial Rings

Let R =k[x,y] and I = (x3,xy, y?). Then the minimal (graded)
free resolution of M = R/ is
0 y
<_y _X2>
X 0

X3 X 2
R LX) R oaR(-3) "L R(-3)®R(—4) «— 0.

Total Betti Numbers Betti Diagram
b5 (M) =1
Br(M) =3
B3 (M) =2
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“5'
Moving from Rto S = R/M

Explicit minimal resolutions of monomial ideals M over R = k[x, y]|
known (see Miller-Sturmfels, Proposition 3.1.)
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“5'
Moving from Rto S = R/M

Explicit minimal resolutions of monomial ideals M over R = k[x, y]|
known (see Miller-Sturmfels, Proposition 3.1.)

M = (Xalybl, ...,Xa’yb’)

ag>a>--->a >0

0< b <b<--<b
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“5'
Moving from Rto S = R/M

Explicit minimal resolutions of monomial ideals M over R = k[x, y]|
known (see Miller-Sturmfels, Proposition 3.1.)

y

M = (Xalybl, ...,Xa’yb’)

ag>a>--->a >0

0< b <b<--<b

M = (x*,xy, y?)
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“5'
Moving from Rto S = R/M

Explicit minimal resolutions of monomial ideals M over R = k[x, y]|
known (see Miller-Sturmfels, Proposition 3.1.)

y
M = (xyPr . xrybr)

ag>a>--->a >0

0< b <b<--<b

M = (x*,xy,y?)
F: Re—R +Z Rl 0
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Free Resolutions of f.g.Modules

‘g ' Examples over Quotient Rings

Moving from Rto S = R/M

Instead of resolving R/M over R, we now consider the problem of
resolving k = S/m (where the maximal ideal m = (x, y)) over
S = R/M where M = (x2,xy).

k «—S§
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‘g ' Examples over Quotient Rings

Moving from Rto S = R/M

Instead of resolving R/M over R, we now consider the problem of
resolving k = S/m (where the maximal ideal m = (x, y)) over
S = R/M where M = (x2,xy).

k+ S+ §?
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Free Resolutions of f.g.Modules

‘g ' Examples over Quotient Rings

Moving from Rto S = R/M

Instead of resolving R/M over R, we now consider the problem of
resolving k = S/m (where the maximal ideal m = (x, y)) over
S = R/M where M = (x2,xy).

k+ S+ 82+ 63
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Free Resolutions of f.g.Modules

‘g ' Examples over Quotient Rings

Moving from Rto S = R/M

Instead of resolving R/M over R, we now consider the problem of
resolving k = S/m (where the maximal ideal m = (x, y)) over
S = R/M where M = (x2,xy).

ke S+ 82+ 3+ &>
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Free Resolutions of f.g.Modules

‘g ' Examples over Quotient Rings

Moving from Rto S = R/M

Instead of resolving R/M over R, we now consider the problem of
resolving k = S/m (where the maximal ideal m = (x, y)) over
S = R/M where M = (x2,xy).

ke S+ 82+ 63+ 55, &8

Gwyn Whieldon Poincaré-Betti Series of Monomial Quotient Rings



Free Resolutions of f.g.Modules

‘g ' Examples over Quotient Rings

Moving from Rto S = R/M

Instead of resolving R/M over R, we now consider the problem of
resolving k = S/m (where the maximal ideal m = (x, y)) over
S = R/M where M = (x2,xy).

ke S¢— 8% ¢ B¢ P8 sSBB ...
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Free Resolutions of f.g.Modules

‘g ' Examples over Quotient Rings

Moving from Rto S = R/M

Instead of resolving R/M over R, we now consider the problem of
resolving k = S/m (where the maximal ideal m = (x, y)) over
S = R/M where M = (x2,xy).

ke S¢— 8% ¢ B¢ P8 sSBB ...

B3 (k) = 1,87 (k) = 2,
B (k) = 57 1(K) + 57 5(k)
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Free Resolutions of f.g.Modules

‘g ' Examples over Quotient Rings

Moving from Rto S = R/M

Instead of resolving R/M over R, we now consider the problem of
resolving k = S/m (where the maximal ideal m = (x, y)) over
S = R/M where M = (x2,xy).

ke—S+— 52— 83+ S5 S8+ SB3, ...

B3 (k) = 1,87 (k) = 2,
B (k) = 57 1(K) + 57 5(k)

The resolution of k is infinite (by Auslander-Buchsbaum-Serre.)
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Free Resolutions of f.g.Modules Examples over Polynomial Rings
Explicit Resolutions of k over Quotient Rings Examples over Quotient Rings

Poincaré-Betti Series of Modules

Definition (Poincare-Betti Series)

The graded Poincaré-Betti series of k over S, denoted by Ps(z), is
the formal power series

Ps(z) = _ dimy Tor? (k, k)z'
i=0
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Poincaré-Betti Series of Modules

Definition (Poincare-Betti Series)

The graded Poincaré-Betti series of k over S, denoted by Ps(z), is
the formal power series

Ps(z) = _ dimy Tor? (k, k)z'
i=0

=> 5 (k)2
i=0
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Poincaré-Betti Series of Modules

Definition (Poincare-Betti Series)

The graded Poincaré-Betti series of k over S, denoted by Ps(z), is
the formal power series

Ps(z) = _ dimy Tor? (k, k)z'
i=0

=> 5 (k)2
i=0

= B5 (k) + 57 (k)z + 85 (k)2% + B3 (k)2> + - - -
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Poincaré-Betti Series of Modules

Definition (Poincare-Betti Series)

The graded Poincaré-Betti series of k over S, denoted by Ps(z), is
the formal power series

Ps(z) = _ dimy Tor? (k, k)z'
i=0

=> 5 (k)2
i=0

(1+2)

= B3 (k) + B (W)z + B5 ()22 + B (W)Z° + -+ = =
s(2)
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Example for R/M = Kk[x, y]/(x%, xy)

Example

For R = k[x, y] and M = (x?, xy), we have the Poincaré-Betti
series of k over S = R/M is:

Pr/im(z) = 1422432 +52°+82* +132° + - .
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Example for R/M = Kk[x, y]/(x%, xy)

Example

For R = k[x, y] and M = (x?, xy), we have the Poincaré-Betti
series of k over S = R/M is:

Pr/im(z) = 1422432 +52°+82* +132° + - .

1—z—22
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Free Resolutions of f.g.Modules
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Example for R/M = Kk[x, y]/(x%, xy)

Example

For R = k[x, y] and M = (x?, xy), we have the Poincaré-Betti
series of k over S = R/M is:

Pr/im(z) = 1422432 +52°+82* +132° + - .
1+~z
=" 5 (k) = F1(k) + (k)

1—z—22
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Free Resolutions of f.g.Modules
‘g ' Explicit Resolutions of k over Quotient Rings Examples over Quotient Rings

Example for R/M = Kk[x, y]/(x%, xy)

Example

For R = k[x, y] and M = (x?, xy), we have the Poincaré-Betti
series of k over S = R/M is:

Prim(z) =1+2z+ 3224+ 5284824 +132° + .-
1+~z
= S B = B + )
(1+2)°
1-222-73
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Free Resolutions of f.g.Modules

‘g ' Explicit Resolutions of k over Quotient Rings Examples over Quotient Rings

Example for R/M = Kk[x, y]/(x%, xy)

Example

For R = k[x, y] and M = (x?, xy), we have the Poincaré-Betti
series of k over S = R/M is:

Pr/im(z) = 1422432 +52°+82* +132° + - .

= B = 400 + B
1+ 2)2
= D B30 = B8 ,) + (r - 1))
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“5 ' Explicit Resolutions of k over Quotient Rings Examples over Quotient Rings

Resolutions of k over S

Theorem (Resolutions of k over Quotient Rings S)

Let M be an r-generated monomial ideal with r > 2, or r = 2 and
M not generated by pure powers of x and y, (deg(m;) > 2 Vi).
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Resolutions of k over S

Theorem (Resolutions of k over Quotient Rings S)

Let M be an r-generated monomial ideal with r > 2, or r = 2 and

M not generated by pure powers of x and y, (deg(m;) > 2 Vi). A
minimal free resolution F of k over S = R/M is given by

F: S <& 52 02 Sr+1 03 S3r—1 “— ...

Gwyn Whieldon Poincaré-Betti Series of Monomial Quotient Rings



Free Resolutions of f.g.Modules Examples over Polynomial Rings
“5 ' Explicit Resolutions of k over Quotient Rings Examples over Quotient Rings

Resolutions of k over S

Theorem (Resolutions of k over Quotient Rings S)

Let M be an r-generated monomial ideal with r > 2, or r = 2 and

M not generated by pure powers of x and y, (deg(m;) > 2 Vi). A
minimal free resolution F of k over S = R/M is given by

F: S <& 52 Sr+1 03 S3r—1 “— ...

Fori>3, set Fj=F"® F)’® F" and 9; = 05" ® 0, & 0"

Gwyn Whieldon Poincaré-Betti Series of Monomial Quotient Rings



Free Resolutions of f.g.Modules
“! ' Explicit Resolutions of k over Quotient Rings Examples over Quotient Rings

Resolutions of k over S

Theorem (Resolutions of k over Quotient Rings S)

Let M be an r-generated monomial ideal with r > 2, or r = 2 and
M not generated by pure powers of x and y, (deg(m;) > 2 Vi). A
minimal free resolution F of k over S = R/M is given by

F: S <& 52 02 Sr—l—l 03 S3r—1 “— ...

Fori>3, set Fi=F"® F) ® F" and 9; = 05’ ® 0, & 0"
Then the (i + 1) stage of the minimal resolution is given by

Oit+1
F; B Fiq1
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Resolutions of k over S

Theorem (Resolutions of k over Quotient Rings S)

Let M be an r-generated monomial ideal with r > 2, or r = 2 and
M not generated by pure powers of x and y, (deg(m;) > 2 Vi). A
minimal free resolution F of k over S = R/M is given by

F: S <& 52 02 Sr—l—l 03 S3r—1 “— ...

Fori>3, set Fi=F"® F) ® F" and 9; = 05’ ® 0, & 0"
Then the (i + 1) stage of the minimal resolution is given by

Fe FreR eR « Firt
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Resolutions of k over S

Theorem (Resolutions of k over Quotient Rings S)

Let M be an r-generated monomial ideal with r > 2, or r = 2 and
M not generated by pure powers of x and y, (deg(m;) > 2 Vi). A
minimal free resolution F of k over S = R/M is given by

F: S <& 52 02 Sr—l—l 03 S3r—1 “— ...

Fori>3, set Fi=F"® F) ® F" and 9; = 05’ ® 0, & 0"
Then the (i + 1) stage of the minimal resolution is given by

Fio FioFRf@Fy <2 Frigpprtro g FrDw o F
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Resolutions of k over S

Theorem (Resolutions of k over Quotient Rings S)

Let M be an r-generated monomial ideal with r > 2, or r = 2 and
M not generated by pure powers of x and y, (deg(m;) > 2 Vi). A
minimal free resolution F of k over S = R/M is given by

F: S <& 52 02 Sr—|—1 03 S3r—1 “— ...

Fori>3, set Fi=F"® F) ® F" and 9; = 05’ ® 0, & 0"
Then the (i + 1) stage of the minimal resolution is given by

Fio FioFRf@Fy <2 Frigpprtro g FrDw o F

with ai+1 _ 6:\))/,' ® aé/‘/i-i—r.u,- ® 8?_1)‘”"-
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Recursion Formulas for Betti Sequences

Corollary (Poincare-Betti Polynomials)

Let M be an r-generated monomial ideal of k[x, y], M not
generated by pure powers of x and y. The total Betti numbers of
the resolution of k over S = R/M are given by

1 ifi=0,
B (k) = { 2 ifi=1,
B2 (k) + (r—1)82 ,(k) ifi>2.
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‘g ' Explicit Resolutions of k over Quotient Rings

Recursion Formulas and Poincaré-Betti Series

So the graded Poincaré-Betti series of S is

Ps(z) = Bo+ Prz + Boz® + 32> + - -
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Free Resolutions of f.g.Modules Recursion Formulas for Betti Numbers

‘g ' Explicit Resolutions of k over Quotient Rings

Recursion Formulas and Poincaré-Betti Series

So the graded Poincaré-Betti series of S is

PS(Z):/804—/3124-,3222—1—6323—1—---
. 1+2z
S l—z+(1—-r)z22
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Free Resolutions of f.g.Modules Recursion Formulas for Betti Numbers

‘g ' Explicit Resolutions of k over Quotient Rings

Recursion Formulas and Poincaré-Betti Series

So the graded Poincaré-Betti series of S is

Ps(z) = Bo+ Prz + Boz® + 32> + - -

_ 14z
Cl-z+(1-r)z22
(1+2)?

1—rz2+(1-1r)28
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Recursion Formulas for Betti Numbers

‘g ' Explicit Resolutions of k over Quotient Rings

Recursion Formulas and Poincaré-Betti Series

So the graded Poincaré-Betti series of S is

Ps(z) = Bo+ b1z + oz’ + B32° + - --
_ 142z
S l—z+(1-r)z2?
B (1—1—2)2
S 1-r224+(1-r)28

z 2
Ps(z) = (117:(2)), bs(z)=1—-r2+(1—r)2°
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Previous and Future Work

o Not all Poincaré-Betti series of rings R// for ideals
I € R =K[xi, ..., xn| are rational. [Roos-Sturmfels '98,
Froberg-Roos '99]
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Previous and Future Work

o Not all Poincaré-Betti series of rings R// for ideals
I € R =K[xi, ..., xn| are rational. [Roos-Sturmfels '98,
Froberg-Roos '99]

e For all monomial ideals M C k[xi, ..., x,] = R, it is known
that the multigraded Poincaré-Betti series of S = R/M is
rational. [Backelin '82]
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Previous and Future Work

o Not all Poincaré-Betti series of rings R// for ideals
I € R =K[xi, ..., xn| are rational. [Roos-Sturmfels '98,
Froberg-Roos '99]

e For all monomial ideals M C k[xi, ..., x,] = R, it is known
that the multigraded Poincaré-Betti series of S = R/M is
rational. [Backelin '82]

@ Recently, a formula for the multigraded Poincaré-Betti series
denominator bs(x, z) was given in terms of dimensions of
homology groups of lower intervals in the lattice of saturated
subsets of the minimal generators of M. [Berglund, '04]
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Previous and Future Work

o Not all Poincaré-Betti series of rings R// for ideals
I € R =K[xi, ..., xn| are rational. [Roos-Sturmfels '98,
Froberg-Roos '99]

e For all monomial ideals M C k[xi, ..., x,] = R, it is known
that the multigraded Poincaré-Betti series of S = R/M is
rational. [Backelin '82]

@ Recently, a formula for the multigraded Poincaré-Betti series
denominator bs(x, z) was given in terms of dimensions of
homology groups of lower intervals in the lattice of saturated
subsets of the minimal generators of M. [Berglund, '04]

@ Alternate combinatorial formula for in terms of the
homologies of a related intersection lattice of a subspace
arrangement lattice. [Berglund-Blasiak-Hersh '07]
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Previous and Future Work

@ Still an open question to construct minimal resolutions of k
over monomial quotient rings.
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Previous and Future Work

@ Still an open question to construct minimal resolutions of k
over monomial quotient rings.

@ In the case of certain monomial ideals in three variables, there
are similar recursion formulas for syzygy modules (constraining
the types of minimal recursion formulas possible in three
variables.)
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Previous and Future Work

@ Still an open question to construct minimal resolutions of k
over monomial quotient rings.

@ In the case of certain monomial ideals in three variables, there
are similar recursion formulas for syzygy modules (constraining
the types of minimal recursion formulas possible in three
variables.)

@ These recursion formulas however rely on more data than the
number of generators.
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Previous and Future Work

@ Still an open question to construct minimal resolutions of k
over monomial quotient rings.

@ In the case of certain monomial ideals in three variables, there
are similar recursion formulas for syzygy modules (constraining
the types of minimal recursion formulas possible in three
variables.)

@ These recursion formulas however rely on more data than the
number of generators.

@ Using deformation techniques similar to those used in
constructing explicit resolutions of monomial ideals in three
variables over R = k[x, y, z] have not so far been successful...
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Previous and Future Work

@ Still an open question to construct minimal resolutions of k
over monomial quotient rings.

@ In the case of certain monomial ideals in three variables, there
are similar recursion formulas for syzygy modules (constraining
the types of minimal recursion formulas possible in three
variables.)

@ These recursion formulas however rely on more data than the
number of generators.

@ Using deformation techniques similar to those used in
constructing explicit resolutions of monomial ideals in three
variables over R = k[x, y, z] have not so far been successful...
...At least, not for me!
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“; ' Explicit Resolutions of k over Quotient Rings

Recursion Formulas for Betti Numbers
Previous and Future Work

MAA MD-VA-DC Section Meeting: Fall 2013

MAA Section Meeting, Fall 2013
Thanks for listening!

Gwyn Whieldon

o = -
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