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Free Resolutions over Polynomial Rings

Definition

Let R = k[x1, ..., xn] ring and I ⊆ R an ideal. Then F , the minimal
graded free resolution of R/I is a chain complex of the form

F : R/I
ϕ0←−− R

ϕ1←−−
⊕
j≥0

R(−j)β1,j
ϕ2←−−

⊕
j≥0

R(−j)β2,j ←− · · · ,

with ϕi : Fi → Fi−1 degree zero maps with entries in the maximal
ideal m = (x1, ..., xn).
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Let R = k[x , y ] and I = (x3, xy , y2). Then the minimal (graded)
free resolution of M = R/I is

R
(x3, xy , y2)←−−−−−−−− R(−2)2⊕R(−3)

(
0 y

−y −x2

x 0

)
←−−−−−−− R(−3)⊕R(−4)←− 0.

Betti Diagram

0 1 2

0 1 0 0
1 0 2 1
1 0 1 1
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Moving from R to S = R/M

Explicit minimal resolutions of monomial ideals M over R = k[x , y ]
known (see Miller-Sturmfels, Proposition 3.1.)

M = (xa1yb1 , ..., xar ybr )

a1 > a2 > · · · > ar ≥ 0

0 ≤ b1 < b2 < · · · < br x

y

M = (x3, xy , y 2)

F : R ←− R r ∂←−−− R r−1 ←− 0
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Gwyn Whieldon Poincaré-Betti Series of Monomial Quotient Rings



Free Resolutions of f.g.Modules
Explicit Resolutions of k over Quotient Rings

Examples over Polynomial Rings
Examples over Quotient Rings

Moving from R to S = R/M

Explicit minimal resolutions of monomial ideals M over R = k[x , y ]
known (see Miller-Sturmfels, Proposition 3.1.)

M = (xa1yb1 , ..., xar ybr )

a1 > a2 > · · · > ar ≥ 0

0 ≤ b1 < b2 < · · · < br x

y

M = (x3, xy , y 2)

F : R ←− R r ∂←−−− R r−1 ←− 0
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Moving from R to S = R/M

Instead of resolving R/M over R, we now consider the problem of
resolving k = S/m (where the maximal ideal m = (x , y)) over
S = R/M where M = (x2, xy).

k←−S

←− S2 ←− S3 ←− S5 ←− S8 ←− S13 ←− · · ·

βS0 (k) = 1, βS1 (k) = 2,

βSi (k) = βSi−1(k) + βSi−2(k)

The resolution of k is infinite (by Auslander-Buchsbaum-Serre.)
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Gwyn Whieldon Poincaré-Betti Series of Monomial Quotient Rings



Free Resolutions of f.g.Modules
Explicit Resolutions of k over Quotient Rings

Examples over Polynomial Rings
Examples over Quotient Rings

Moving from R to S = R/M

Instead of resolving R/M over R, we now consider the problem of
resolving k = S/m (where the maximal ideal m = (x , y)) over
S = R/M where M = (x2, xy).

k←−S ←− S2 ←− S3 ←− S5 ←− S8

←− S13 ←− · · ·

βS0 (k) = 1, βS1 (k) = 2,

βSi (k) = βSi−1(k) + βSi−2(k)

The resolution of k is infinite (by Auslander-Buchsbaum-Serre.)
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Poincaré-Betti Series of Modules

Definition (Poincare-Betti Series)

The graded Poincaré-Betti series of k over S , denoted by PS(z), is
the formal power series

PS(z) =
∞∑
i=0

dimk TorSi (k,k)z i

=
∞∑
i=0

βSi (k)z i

= βS0 (k) + βS1 (k)z + βS2 (k)z2 + βS3 (k)z3 + · · · =
(1 + z)n

bS(z)

Gwyn Whieldon Poincaré-Betti Series of Monomial Quotient Rings



Free Resolutions of f.g.Modules
Explicit Resolutions of k over Quotient Rings

Examples over Polynomial Rings
Examples over Quotient Rings
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Example for R/M = k[x , y ]/(x2, xy)

Example

For R = k[x , y ] and M = (x2, xy), we have the Poincaré-Betti
series of k over S = R/M is:

PR/M(z) = 1 + 2z + 3z3 + 5z3 + 8z4 + 13z5 + · · ·

=
1 + z

1− z − z2
←− βSi (k) = βSi−1(k) + βSi−2(k)

=
(1 + z)2

1− 2z2 − z3
←− βSi (k) = rβSi−2(k) + (r − 1)βSi−3(k)
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series of k over S = R/M is:

PR/M(z) = 1 + 2z + 3z3 + 5z3 + 8z4 + 13z5 + · · ·

=
1 + z

1− z − z2

←− βSi (k) = βSi−1(k) + βSi−2(k)

=
(1 + z)2

1− 2z2 − z3
←− βSi (k) = rβSi−2(k) + (r − 1)βSi−3(k)
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series of k over S = R/M is:

PR/M(z) = 1 + 2z + 3z3 + 5z3 + 8z4 + 13z5 + · · ·

=
1 + z

1− z − z2
←− βSi (k) = βSi−1(k) + βSi−2(k)

=
(1 + z)2

1− 2z2 − z3
←− βSi (k) = rβSi−2(k) + (r − 1)βSi−3(k)
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Resolutions of k over S

Theorem (Resolutions of k over Quotient Rings S)

Let M be an r -generated monomial ideal with r > 2, or r = 2 and
M not generated by pure powers of x and y , (deg(mi ) ≥ 2 ∀i).

A
minimal free resolution F of k over S = R/M is given by

F : S
∂1←−−− S2 ∂2←−−− S r+1 ∂3←−−− S3r−1 ←− · · · .

For i ≥ 3, set Fi = F ui
3 ⊕ F vi

2 ⊕ Fwi
1 and ∂i = ∂ui3 ⊕ ∂

vi
2 ⊕ ∂

wi
1 .

Then the (i + 1) stage of the minimal resolution is given by

Fi

∼= F ui
3 ⊕ F vi

2 ⊕ Fwi
1

∂i+1←−−−−

F vi
3 ⊕ Fwi+r ·ui

2 ⊕ F
(r−1)·ui
1

∼=

Fi+1

with ∂i+1 = ∂vi3 ⊕ ∂
wi+r ·ui
2 ⊕ ∂(r−1)·ui

1 .
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1 .

Then the (i + 1) stage of the minimal resolution is given by

Fi
∼= F ui

3 ⊕ F vi
2 ⊕ Fwi

1

∂i+1←−−−−

F vi
3 ⊕ Fwi+r ·ui

2 ⊕ F
(r−1)·ui
1

∼=

Fi+1

with ∂i+1 = ∂vi3 ⊕ ∂
wi+r ·ui
2 ⊕ ∂(r−1)·ui

1 .
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Corollary (Poincare-Betti Polynomials)

Let M be an r -generated monomial ideal of k[x , y ], M not
generated by pure powers of x and y . The total Betti numbers of
the resolution of k over S = R/M are given by

βSi (k) =


1 if i = 0,

2 if i = 1,

βSi−1(k) + (r − 1)βSi−2(k) if i ≥ 2.
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Recursion Formulas and Poincaré-Betti Series

So the graded Poincaré-Betti series of S is

PS(z) = β0 + β1z + β2z
2 + β3z

3 + · · ·

=
1 + z

1− z + (1− r)z2

=
(1 + z)2

1− rz2 + (1− r)z3

PS(z) =
(1 + z)2

bS(z)
, bS(z) = 1− rz2 + (1− r)z3
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Not all Poincaré-Betti series of rings R/I for ideals
I ⊆ R = k[x1, ..., xn] are rational. [Roos-Sturmfels ’98,
Fröberg-Roos ’99]

For all monomial ideals M ⊆ k[x1, ..., xn] = R, it is known
that the multigraded Poincaré-Betti series of S = R/M is
rational. [Backelin ’82]

Recently, a formula for the multigraded Poincaré-Betti series
denominator bS(x, z) was given in terms of dimensions of
homology groups of lower intervals in the lattice of saturated
subsets of the minimal generators of M. [Berglund, ’04]

Alternate combinatorial formula for in terms of the
homologies of a related intersection lattice of a subspace
arrangement lattice. [Berglund-Blasiak-Hersh ’07]
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Still an open question to construct minimal resolutions of k
over monomial quotient rings.

In the case of certain monomial ideals in three variables, there
are similar recursion formulas for syzygy modules (constraining
the types of minimal recursion formulas possible in three
variables.)

These recursion formulas however rely on more data than the
number of generators.

Using deformation techniques similar to those used in
constructing explicit resolutions of monomial ideals in three
variables over R = k[x , y , z ] have not so far been successful...

...At least, not for me!
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Thanks for listening!
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